Abstract. The Slope Conjecture proposed by Garoufalidis asserts that the degree of the colored Jones polynomial determines a boundary slope, and its refinement, the Strong Slope Conjecture proposed by Kalfagianni and Tran asserts that the linear term in the degree determines the topology of an essential surface that satisfies the Slope Conjecture. Under certain hypotheses, we show that twisted, generalized Whitehead doubles of a knot satisfies the Slope Conjecture and the Strong Slope Conjecture if the original knot does. Additionally, we provide a proof that there are Whitehead doubles which are not adequate.
Introduction
Let K be a knot in the 3-sphere S 3 . The Slope Conjecture of Garoufalidis [9] and the Strong Slope Conjecture of Kalfagianni and Tran [20] propose relationships between a quantum knot invariant, the degrees of the colored Jones function of K, and a classical invariant, the boundary slope and the topology of essential surfaces in the exterior of K.
The colored Jones function of K is a sequence of Laurent polynomials J K,n (q) ∈ Z[q ±1 ] for n ∈ N, where J ,n (q) = q n/2 −q −n/2
Let K denote the mirror image of a knot K, and let −X = {−x 1 , . . . , −x m } for a set X = {x 1 , . . . , x m }. Then, as noted in [9, §1.4] , d − [J K,n (q)] = −d + [J K,n (q)]. Hence δ with boundary slope p * /q * so that 2b * (n) = − χ(F(1) Torus knots [9] , [20, Theorem 3.9] .
(2) Adequate knots [8] , [20, Lemma 3.6, 3.8] , and hence alternating knots.
(3) Non-alternating knots with up to 9 crossings except for 8 20 , 9 43 , 9 44 [9] , [20, 18] . (8 20 , 9 43 , 9 44 satisfy the Yoked Strong Slope Conjecture, but for these knots the coefficient b(n) has period 3.) (4) Iterated cables of knots in (1), (2) , and (3) We always assume ω = 0, for otherwise, k τ ω is the unknot contained in a 3-ball in V . Given a knot K in S 3 with a preferred meridian-longitude (µ K , λ K ), let f : V → S 3 an orientation preserving embedding which sends the core of V to the knot K ⊂ S 3 such that f (µ V ) = µ K and f (λ V ) = λ K .
Then the image f (k Convention 1.8. For a given knot K, let N K be the smallest nonnegative integer such that d + [J K,n (q)] is a quadratic quasi-polynomial δ K (n) = a(n)n 2 + b(n)n + c(n) for n ≥ 2N K + 1, and N * K the smallest nonnegative integer such that d − [J K,n (q)] is a quadratic quasi-polynomial δ * K (n) = a * (n)n 2 + b * (n)n + c * (n) for n ≥ 2N * K + 1. We put a 1 := a(2N K + 1), b 1 := b(2N K + 1), a (2) The hypothesis that the quasi-polynomials have period ≤ 2 allows simplifications in the proofs that lead to Theorem 1.9. This is in part due to the pattern for a twisted generalized Whitehead double having wrapping number 2 and its effect upon the colored Jones polynomial for the satellite, see Proposition 2.7. Indeed, allowing periods > 2 significantly complicates Propositions 2.12 and 2.13. (3) As mentioned in Remark 1.5, the coefficients a(n) and a * (n) are constant for all known examples. Hence the hypothesis in Theorem 1.9(2) that K has Property Y SS (1) and Y SS * (1) holds for all known knots for which the Strong Slope Conjecture holds.
The extra condition that a 1 = 
are numbers that only depend on the knot K and the number τ . Remark 2.3. Propositions 2.1 and 2.2 say that even when δ K (n) and δ *
Computations of colored Jones polynomials of
In this subsection we will compute the normalized colored Jones polynomial J
As we mentioned at the end of Section 1, for any knot K we may restrict attention to τ -twisted, ω-generalized Whitehead doubles of W τ ω (K) with ω > 0. We begin by recalling the following functions with respect to q for non-negative integers s, t, u. See [25] .
, and k = s+t−u 2 , δ(u; s, t) := (−1)
, and b 3 = Σ−B−C 2 . We will also use the following equalities introduced by Masbaum and Vogel [25] .
(2.8)
Here the sum is over those colors u such that the triple (s, t, u) satisfies s + t + u ≡ 0 (mod 2) and |s − t| ≤ u ≤ s + t.
In the following we will use the following symbols. 
Proof. The first equality is due to the framed isotopy shown here for each handedness:
Next we exploit the formula (2.8) and then formula (2.10).
Proof. Apply formula (2.12) and then (2.11).
Lemma 2.6. For a 0 framed diagram of any knot K:
Proof. It follows from [24, Section 5] that the right hand side describes (−1) n J K,n+1 (q). On the other hand, 2.3 shows that
Thus we obtain the desired equality.
Proposition 2.7.
Proof. We will compute J ′ W τ ω (K),n (q) using the graphical calculus of Masbaum and Vogel [25, 24] following the method of Tanaka [33] . To this end we need a diagram of W τ ω (K) whose blackboard framing is 0. Note that since two strands in the ω-twist region and the τ -twist region run in opposite directions, to obtain a correct 0-framing of W τ ω (K) we need to add some curls indicated in Figure 2 .2. In Figure 2 .3, we use D(K) to mean a double of K, i.e. two parallel copies of K whose blackboard framing is 0. Using the above formulas, we compute J ′ W τ ω (K),n (q) graphically in the manner of [24] and [33] . As shown below, we begin by expressing < n > J ′ W τ ω (K),n (q) diagrammatically with Lemma 2.6. Then we apply Lemma 2.4 twice, once for each of the τ and ω twist regions. Next we apply Lemma 2.5. Finally, we again apply Lemma 2.6 for the diagrammatic expression of < 2k > J ′ K,2k (q).
n n 2j n n 2k
Therefore we have: 
] and f 2 (q) = 0, we extend the maximum (resp. minimum) degree of
. Propositions 2.12 and 2.13 give the maximum degree and the minimum degree of
For convenience we recall the maximum and minimum degrees of the functions which appear in the expression of J
By definition 2.4 we have:
Lemma 2.10 ( [12] ). The maximum and minimum degrees of < s, t, u > are given by
Lemma 2.11 ([12] ). The maximum and minimum degrees of A B E D C F are given by
where Σ, a j , b i are as in (2.7) and M = min b i .
To ease our computations, we define
so that by Proposition 2.7 we have (2.14)
f (j, k; q).
Hence our computations of
To that end we first record the following computations of degrees. From Lemma 2.10, we have that
From Lemma 2.11, we have that
Proposition 2.12 (Normalized maximum degree). Let K be a knot in S 3 and N ′ K the smallest nonnegative integer such that
We assume that the period of δ ′ K (n) is less than or equal to 2 and that −2α 0 + β 0 + 1 2 ≤ 0. Assume further that if −2α 0 + β 0 + 1 2 = 0, then τ = 4α 0 . Then, for suitably large n, the maximum degree of the colored Jones polynomial of its τ -twisted ω-generalized negative Whitehead double is given by
are numbers that only depend on the knot K and the number τ .
Proof. In light of (2.14), to determine the maximum degree of J ′ W τ ω (K),n (q), we need to understand the maximum degrees of the functions f (j, k; q) for 0 ≤ j, k ≤ n.
Since the period of δ ′ K (n) is less than or equal to 2, it follows that α(2k) = α 0 , β(2k) = β 0 , and γ(2k) = γ 0 and so (2.16 ) the argument splits into two cases.
From the equalities (2.15) and (2.16), one obtains
Since ω > 0 so that ω − 1 ≥ 0, this is maximized uniquely at j = 0 for a fixed k. Thus,
For k ≥ N ′ K , by (2.18) this becomes
Assume first that α 0 = τ 4 , we may write
is uniquely maximized at k = n. Hence, we get that
for sufficiently large n. Moreover, this maximum tends to ∞ as n goes to ∞. Thus obviously,
for sufficiently large n, and hence we have:
Assume now α 0 < τ 4 . Then we proceed to show that max
In the sum f (0, k; q). Hence
where we put
, which only depends on the knot K and the number τ .
Let us assume α 0 = 
is monotonically decreasing with respect to k for N ′ K ≤ k ≤ n. Hence max
is uniquely realized at k = N f (0, k; q). Hence
which only depends on the knot K and the number τ .
From the equalities (2.15) and (2.16), we see that
, this is maximized at j = n − k for a fixed k. Therefore this case is contained in the case j + k ≤ n.
Finally we determine the maximum degree of J
f (j, k; q); see (2.14).
Proposition 2.13 (Normalized minimum degree). Let K be a knot in S 3 and N ′ *
Then, for suitably large n, the minimum degree of the colored Jones polynomial of its τ -twisted ω-generalized negative Whitehead double is given by (2.26)
where
Proof. In light of (2.14), to determine the minimum degree of J
, we need to understand the minimum degrees of the functions f (j, k; q) for 0 ≤ j, k ≤ n.
Since the period of δ ′ * K (n) is less than or equal to 2, it follows that α
, and γ * (2k) = γ * 0 and so
K . Again, due to (2.16) the argument splits into two cases.
Since ω+1 2ω > 0 and 0 ≤ j ≤ n − k, this is minimized at j = n − k for a fixed k. Therefore this case is included in the next case.
Since ω − 1 2 > 0 and n − k + ω + 1 2 > 0, this is minimized uniquely at j = n for a fixed k. Thus,
For k ≥ N ′ * K , by (2.27) this becomes
In the sum f (n, k; q). Hence
If instead α *
for sufficiently large n. Moreover, this minimum tends to −∞ as n goes to ∞. Thus obviously,
Let us assume α * 0 = τ 4 − 
is monotonically increasing with respect to k for N ′ *
This implies min
Finally we determine the minimum degree of J
Remark 2.14. Let K be a knot which has a B-adequate diagram D B (K) whose blackboard framing is 0. It follows that a B- We close this section by computing δ W ab ω (T a,b ) (n). Proposition 2.16. Let a and b be integers with a > b > 1. Then the maximum degree of the colored Jones polynomial
Proof. The colored Jones polynomial of K = T a,b is explicitly computed in [26] :
We note that if n is even, then k is an integer in the summand. We define the functions f ± (ℓ) on Z by
and the term of the maximum degree is q Recall from (2.13) that
and then by Proposition 2.7 we have
From the proof of Proposition 2.12, we have that
is maximized uniquely at j = 0 for a fixed k. Moreover, Since we have that < n, n, 0 >=< n > and n n 0 n n 2k =< n, n, 2k >, we calculate
From (2.36), the term of the maximum degree of f (0, k; q) is calculated as
Hence the term of the maximum degree of J
Apply the transformation given in the proof of Proposition 2.1, we have
Computations of slopes and Euler characteristics for generalized Whitehead doubles

Exteriors of twisted, generalized Whitehead doubles and those of two-bridge links.
We start with a 2-bridge link k 1 ∪ k 2 , which is expressed as [2, 2ω, −2] with ω ≥ 1 depicted in Figure 3 .1 below. Then k 2 lies in an unknotted solid torus
, which is embedded in V . Note that k 1 ∪ k τ ω does not form a 2-bridge link in general, but its exterior is orientation preservingly homeomorphic to the exterior of the 2-bridge link
is the negative Whitehead link. Let us take preferred meridian-longitude pairs (µ 1 , λ 1 ), (µ, λ) of k 1 , k τ ω , respectively. Then take an orientation preserving embedding f : V → S 3 which sends the core of V to a knot K and
This observation shows that the exterior of W τ ω (K) is the union of the exterior E(K) and V − intN (k 2 ); the latter is the exterior of the two-bridge link k 1 ∪ k 2 , which is expressed as [2, 2ω, −2].
Since k 2 = k τ ω has winding number 0 in V , and is therefore null-homologous in V , we have:
has slope r. Apply τ twist to obtain k τ ω and an essential surface F τ , the image of F , in V − intN (k τ ω ). Then F τ ∩ ∂V has slope r V + τ and F ∩ ∂N (k τ ω ) has slope r.
In the following subsections 3.2-3.7, we will investigate essential surfaces in the exterior E(k 1 ∪ k 2 ) of a two-bridge link [2, ω, −2] in details.
3.2. Essential surfaces in two-bridge link exteriors. Here we extend the work in [17, Section 5] to catalogue all the properly embedded essential surfaces in the exterior of the two-bridge link
Hatcher-Thurston show how a certain collection of "minimal edge paths" in the Farey diagram from 1/0 to p/q are in correspondence with the properly embedded incompressible and ∂-incompressible surfaces with boundary in the exterior of the two bridge knot L p/q [15] . FloydHatcher extend this to two-bridge links of two components [6] from which Hoste-Shanahan discern the boundary slopes of such surfaces [17] , building upon work of Lash [21] .
Here, for use with satellite constructions, we use the works of Floyd-Hatcher [6] and HosteShanahan [17] to catalog all the properly embedded essential surfaces in the exterior of the ω generalized Whitehead link L (4ω−1)/8ω , their Euler characteristics, their boundary slopes, and number of boundary components. [17] appears to use the convention
To remain consistent with this notation and the depiction of L 3/8 in [17, Figure 1] , the link L (4k−1)/8k is actually obtained by −1/k surgery on the middle circle of [17, Figure 9 ] which produces 2k right-handed crossings.
We refer the reader to both the original paper [6] (This extra parameter n allows for the construction of homeomorphic but non-isotopic surfaces with the same boundary slopes, see [17, 6] .) For t < 1, the blocks are rotated 180
• corresponding to an exchange of the components of L p/q and the parameters α and β are swapped in the figure.
In this manner, every minimal edge path in D t for t ∈ (0, 1) ∪ (1, ∞) produces a weighted branched surface, with weights in terms of the parameters α and β such that t = α/β (along with auxiliary parameters for instances of the blocks Σ A and Σ D ). These minimal edge paths γ in D t with their parameters α, β describe specific surfaces F γ,α,β which may have multiple components and may be non-orientable. If it is non-orientable, then we may replace F γ,α,β by the boundary of a tubular neighborhood (a twisted I-bundle over F γ,α,β ), which is orientable and associated with parameters 2α, 2β; so the resulting orientable essential surface is associated with F γ,2α,2β . In the following we omit parameters α, β and assume that F γ is orientable, but it may have multiple components.
Taking the limits t → 0 or t → ∞ so that α = 0 or β = 0 produces surfaces associated to minimal edges paths in D 0 = D ∞ . Taking the limits t → 1 so that α = β also produces surfaces associated to minimal edge paths in D 1 . However, since α − β = 0 in this case, the basic surface Σ A with its extra parameter n may be used in place of Σ D to produce more surfaces.
Floyd and Hatcher [6] establish the following classification of essential surfaces in the exterior of two-bridge links. • and swap α and β. 
3.4.
Euler characteristics of carried surfaces. The Euler characteristic of a surface carried by one of these weighted branched surfaces associated to an edge path in D t may be calculated from the branch pattern associated to the edge path and the weights α and β.
Lemma 3.5. Let S be the surface carried by the weighted branched surface associated to an edge path γ in D t where t = α/β. If α ≥ β, then
where s i (α, β) is the number of saddles of the surface carried by the basic branched surface associated to the label of the ith edge of γ and weighted by α and β as shown in Figure 3 .3. If α < β, exchange α and β.
Proof. As shown in Figure 3 .3, when α ≥ β, each basic weighted branched surface of type
2 , β, α − β saddles respectively and a number of vertical disks that together meet each of the upper and lower levels in a total of α + β arcs. Since the weighted branched surfaces are assembled from a stack of copies of these basic weighted branched surfaces, the height function induces a Morse function on a carried surface S whose singularities correspond to the saddles on the interior of the surface and the α + β half-maxima and α + β half-minima on the boundary of the surface at the extrema of the link. Hence χ(S) is calculated as α + β minus the total number of saddles. When α < β, the blocks are rotated and α and β are swapped.
3.5.
Boundaries slopes and count of boundary components. Note that surfaces carried by these branched surfaces are given by non-negative integral weights α and β (with the auxiliary integral parameters n as needed), and these weights indicate the algebraic (and geometric) intersection numbers of the surface with the meridians µ 1 , µ 2 of the two components of L p/q .
Hoste and Shanahan use a certain blackboard framing λ 1 , λ 2 of the two components of L p/q to further keep track of how the branched surfaces associated to minimal edge paths in D t intersect this framing. They then determine how to correct this framing to the canonical framings λ Furthermore, by a calculation in the homology of a torus, the greatest common divisor (gcd) of the algebraic intersection numbers of the boundary of a surface with the meridian and longitudinal framing of a component of L p/q produces the number of boundary components of the surface meeting that component of L p/q .
3.6.
Applying the Algorithm to the Whitehead Link-2-bridge link [2, 2, −2]. As a warmup example, in this subsection, we apply the algorithm to the Whitehead Link, which is the 2-bridge link [2, 2, −2]. minimal edge paths from 1/0 to 3/8. Table 3 .1 lists these minimal edge paths with their names as given in each [17] and [6] , the branch pattern of the induced branched surface (i.e. the sequence of edge labels), and the Euler characteristic of the carried surface corresponding to weights α ≥ β. Table 3 .2 lists for each of these paths the boundary slopes of the carried surfaces relative to the canonical meridian-longitude framings of the two unknot components of the two-bridge links and the count of the number of boundary components on each link component. These are also calculated from the given preliminary data of algebraic intersections of the boundary components with the meridians and blackboard framed longitudes and the boundary slopes in terms of the blackboard framing; refer to [17] for details. Note that for each of the paths γ i , i ∈ {1, 2, 3, 5, 6}, when β = 0 so that α/β = ∞ the associated essential surface is disjoint from the 2nd link component. Table 3 .2 summarizes the relevant data. When α < β we may continue to use the two tables, but with α and β swapped and with the two link components swapped. Note that for each of the paths γ i , i ∈ {1, 2, 3, 4, 5, 6}, when β = 0 so that α/β = ∞ the associated surface is disjoint from the second link component. Indeed, for i ∈ {1, 2, 3, 4, 5}, when α = 1 and β = 0, the associated surface is a once-punctured torus Seifert surface for the first link component. For i = 6, when α = 2 and β = 0, the associated surface is a twice punctured torus disjoint from the second component. Table  2 ]. The FH path name is established in [6, Section 5(III) and Figure 5 .3] using l = m = n = 1; see also the top left of [6, Figure 5 .4].
HS path
FH path path picture branch pattern χ where α = β > 0) so that t = α/β ∈ [1, ∞). For t = ∞ when α > β = 0, the surface is disjoint from the second component so the second coordinate in the last three columns are ∅, ∅, 0 respectively. For t ∈ [0, 1], apply the homeomorphism of the two-bridge link that swaps its two components, i.e. exchange coordinates and swap α and β.
HS alg. int. with slopes with slopes with number of path (λ1, µ1, λ2, µ2) blackboard framing canonical framing boundary components 
Slope conjecture for twisted generalized Whitehead doubles
In this section we prove Theorem 1.9(1). For a give knot K, recall that N K the smallest nonnegative integer such that µ1, λ2, µ2) canonical framing boundary components 
1. Realization of the Jones slopes arising from the maximum degree.
We divide into two cases depending upon a 1 > Proof. Let us take an essential surface
the minimal edge path γ 1 described in Section 3. Then it has a pair of boundary slopes (2
) has boundary slope 16a 1 − 4τ on ∂N (k 2 ) and 4a 1 − τ on ∂V . Now we apply τ -twisting along µ V which changes
we denote the image of F γ1 by F 
and each component of S τ ω ∩ T K has slope 4a 1 and each component of S τ ω ∩ T W has slope 16a 1 − 4τ . To build a required essential surface S ⊂ E(W τ ω (K)) we take m parallel copies mS τ ω of the essential surface S τ ω and n parallel copies nS K of the essential surface S K , and then glue them along their boundaries to obtain a connected surface S = mS τ ω ∪ nS K in E(W τ ω (K)). Even when both S τ ω and S K are orientable, S may not be orientable. If S is non-orientable, then consider a regular neighborhood of S in E(W τ ω (K)), which is a twisted I-bundle of S whose ∂I-subbundle is an orientable double cover of S. We use the same symbol S to denote this ∂I-subbundle. Note that S K and S τ ω are orientable, so S ∩ E(K) consists of parallel copies of S K and
. If S were boundary-compressible, then a component of S would be a boundaryparallel annulus. However, obviously each component of S is not an annulus, and we have a contradiction. Hence S is the desired essential surface.
Case 2. a 1 ≤ τ 4 . In this case Proposition 2.1 shows that the Jones slope is 0, and we explicitly give a desired essential surface. Let us take a once punctured torus F bounded by k 2 which is contained in V − intN (k 2 ). It has the boundary slope 0 on k 2 . Let S be the image f (F ) in E(W τ ω (K)), which is a minimal genus Seifert surface of W τ ω (K) and essential in its exterior. Thus the jones slope 0 is a boundary slope of W τ ω (K).
2. Realization of the Jones slopes arising from the minimum degree. We divide into two cases depending upon a *
. By the assumption, K satisfies the Slope Conjecture, hence the Jones slope 4a * 1 of K is realized by a boundary slope of an essential surface S *
Claim 4.2. There exists an essential surface F * τ
Proof. Let us take an essential surface
associated to the minimal edge path γ 5 described in Section 3. Then it has a pair of boundary slopes (−2
has boundary slope 16a * 1 − 4τ + 2 − 4ω on ∂N (k 2 ) and 4a * 1 − τ on ∂V . Now we apply τ -twisting along µ V which changes V − intN (k 2 ) to V − intN (k 
Let us take S
and each component of S * τ ω ∩T K has slope 4a * 1 and each component of S * τ ω ∩T W has slope 16a * 1 − 4τ + 2 − 4ω. Take m parallel copies mS * τ ω of S * τ ω and n parallel copies nS * K of S * K , and then glue them along their boundaries to obtain a connected surface S * = mS * t
then we re-take S * as the ∂I-subbundle of the regular neighborhood of S * in E(W τ ω (K)), which is an orientable double cover of S * . Note that S * K and S * τ ω are orientable, so S * ∩ E(K) consists of parallel copies of S * K and similarly
Since it cannot be an annulus, S * is the desired essential surface.
. In this case Proposition 2.2 shows that the Jones slope is −4ω. Take an (orientable) essential surface F γ6 with k = ω, α = 2, β = 0. (At the end of the argument in this case, we explain why we need to choose α = 2, β = 0 rather than α = 1, β = 0.) A symmetry of k 1 and k 2 induces an orientation preserving homeomorphism ϕ of S 3 −intN (k 1 ∪k 2 ) = V −intN (k 2 ) which exchanges the components ∂N (k 1 ) = ∂V and ∂N (k 2 ). Let us set F = ϕ(F γ6 ) ⊂ V −intN (k 2 ). Then it follows from Table 3.6 that F has two boundary components with boundary slopes (∅, −4ω). We apply τ -twisting along µ V which changes V − intN (k 2 ) to V − intN (k τ ω ), and we denote the image of F by F * τ ω . By Lemma 3.1, F * τ ω has the boundary slope −4ω on ∂N (k τ ω ). Hence,
is an essential surface such that S * ∩ T K = ∅ and each component of S * ∩ T W has slope −4ω. Thus the Jones slope −4ω is a boundary slope of W τ ω (K). Finally we explain why we choose α = 2, β = 0. If we choose α = 1, β = 0 in the above, then F γ6 has a single boundary component on ∂N (k 1 ). Then S * = f (F * τ ω ) has a single boundary component on T W . If F γ6 (with α = 1, β = 0), hence S * , is orientable, then its boundary slope would be 0. However S * ∩ T W has slope −4ω, a contradiction. Hence F γ6 with α = 1, β = 0 is non-orientable. The surface corresponding to α = 2, β = 0 is an orientable double cover of the surface corresponding to α = 1, β = 0. This completes the proof of Theorem 1.9(1).
Strong slope conjecture for twisted generalized Whitehead doubles
This section is devoted to a proof of Theorem 1.9(2), which we state again below. Proof It is convenient to note the following.
Lemma 5.2. Let F be a properly embedded surface in a knot exterior E such that a component of ∂F has slope p/q. Let F be the frontier of a tubular neighborhood N (F ) in E, i.e. F is the ∂I-subbundle of an I-bundle over F . Then ∂ F has slope p/q and
Proof. If F is orientable, then N (F ) = F × I, whose frontier F consists of two copies of F . So each component of ∂F has slope p/q and χ( F )
. Assume now that F is nonorientable. Then F is the orientable double cover of F , and ∂ F consists of two parallel loops with slope p/q. Hence χ( F )
1. Jones surfaces arising from the maximum degree.
. Write a 1 = r/s where r and s are coprime integers and s > 0. Then, as a ratio of coprime integers, the denominator of 4a 1 is s/ gcd(4, s). Since K has Property Y SS(1), there is a properly embedded essential surface S K in the exterior of K whose boundary slope is 4a 1 and ω has boundary slope 4a 1 on ∂V . We choose β = 2s, α = 2(8r − 2τ s) so that F γ1 = F γ1,α,β is orientable; see Subsection 3.3.
Then, using Table 3 .6, we calculate the following: (16,s) . Thus the essential surface S or S (when S is non-orientable) is the desired essential surface.
In this situation, S is a minimal genus Seifert surface of W τ ω (K), which is a once punctured torus. Hence
2. Jones surfaces arising from the minimum degree. ω has boundary slope 4a * 1 on ∂V . We choose β = 2s and α = −2(8r − 2τ s), so that F γ5 = F γ5,α,β is orientable; see Subsection 3.3. Then, using Table 3 .6, we calculate the following: The boundary of S * consists of n copies of the boundary of S * τ ω on T W , so we have 
ω is non-orientable, then we replace S by the frontier S * of the tubular neighborhood of S * . By Lemma 5.2 S * and S * has the same boundary slope and χ( S * ) (16,s) . Thus the essential surface S * or S * (when S * is non-orientable)
is the desired essential surface.
. In this case, the argument in Case 2 in the proof of Theorem 1.9(1) and Table 3 .6 show that |∂S * | = 2 and χ(S * ) = 2 − 4ω. Note that ∂S * ∩ T W consists of two simple closed curves each of which has slope −4ω (∂S
This completes the proof of Theorem 1.9(2).
Examples -twisted generalized Whitehead doubles of torus knots and connected sums of torus knots
In this section we take a closer look at some concrete examples.
6.1. Twisting number τ and Jones surfaces. The maximum degree and the minimum degree of the colored Jones function of a torus knot K = T p,q with relatively prime integers p, q > 0 are explicitly computed by [9] . 
). This shows that a twisted generalized Whitehead double of K has two Jones surfaces, one comes from the maximum degree and the other comes from the minimum degree. Those Jones surface are of a different nature depending upon the twisting number τ . For instance, if 1 2 < τ < pq, then both Jones surfaces intersect the essential companion torus ∂E(T p,q ). Otherwise, one of Jones surfaces is contained in companion solid torus and the other intersects the companion torus ∂E(T p,q ).
6.2.
Twisted generalized Whitehead doubles of inadequate knots. As we mentioned in Section 1 adequate knots satisfy the assumption in Theorem 1.9. We say that a knot is inadequate if it is neither A-adequate nor B-adequate [32] . Let us give examples of inadequate knots which still satisfy the assumption in Theorem 1.9.
Assume p, q > 0 are relatively prime integers. Since T p,−q = T p,q ,
Combining these formulas with [4, The aim of this section is to prove Corollary 1.11. This result follows from a more general proposition below (Proposition 7.4), for which we introduce the following technical condition. Definition 7.1. We say that K satisfies Condition δ if To prove this proposition, we prepare some lemmas.
Lemma 7.5. Assume that K i ∈ K. Then K 1 ♯K 2 ∈ K.
Proof. By Claim 4.4 in [4] we only need to see that (4) Therefore by Proposition 7.4, it is sufficient to see that nontrivial torus knots and nontrivial adequate knots belong to K. We first recall:
• Any nontrivial torus knot satisfies the Strong Slope Conjecture and Condition δ. More precisely, if K is a positive torus knot, then 0 < 4a ∈ Z, b = 0, and a * = 0, b * > 0. If K is a negative torus knot, then a = 0, b < 0, and 0 > 4a * ∈ Z, b * = 0.
• Any nontrivial adequate knot satisfies the Strong Slope Conjecture and Condition δ. Then the proof follows from Proposition 7.4.
Non-adequate Whitehead doubles
As shown by Kalfagianni and Tran [20] , adequate knots and their iterated cables satisfy the Strong Slope Conjecture. We may expect that most Whitehead doubles are not adequate. However, to the best our knowledge, there are no explicit such examples. So for completeness we give explicit family of Whitehead doubles which are not adequate. Recall that W 0 1 (K) is the (untwisted) negative Whitehead double of K. In the following, for notational simplicity, we denote W 0 1 (K) by W − (K). We also denote the (untwisted) positive Whitehead double of K by W + (K), which may be written as W 0 −1 (K). Theorem 8.1. Let K be the torus knot T 2,−(2m+1) for m ≥ 2. Then W − (K) is not adequate.
To prove Theorem 8.1, we prepare two lemmas below. Let us denote the Turaev genus of K by g T (K), which is defined in [5] , and denote the minimal crossing number of K by c(K). Hence, we have g T (W − (T p,−q )) = 1 as desired.
Lemma 8.3. For m ≥ 1, we have g T (W − (T 2,−(2m+1) )) ≥ 2m − 1.
Proof. Let HF K(K) be the knot Floer homology of a knot K in S 3 [29, 31] . The homological width w HF (K) of K is defined by [2] as: Thus g T (W − (T 2,−(2m+1) )) ≥ 2m − 1.
